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Abstract
A family of type N exact solution of the Einstein’s field equations,
regular everywhere except on the symmetry axis where it possesses
a naked curvature singularity, is present. The stress-energy tensor is
of the anisotropic fluid coupled with pure radiation field satisfy the
different energy conditions and the physical parameters diverge at
r → 0. The space-time admits a non-expanding, non-twisting, and
shear-free geodesic null congruence and belongs to a special class of
type N Kundt metrics. The space-time is geodesically complete along
the radial direction in the constant z-planes and exhibits geometrically
different properties from the known pp-waves. The present family
of solution admits closed time-like curves (CTC) which appear after
a certain instant of time and the space-time is a four-dimensional
generalization of the Misner space metric in curved space-time.
Keywords: exact solutions, stress-energy tensor, naked singularity, Kundt
metrics, closed time-like curves, energy conditions.
PACS numbers: 04.20.Jb, 04.20.Gz, 04.20.-q, 04.20.Dw
1 Introduction
All vacuum or non-vacuum solutions of the Einstein’s field equations with
or without cosmological constant, which are of type N with non-twisting,
1faizuddinahmed15@gmail.com ; faiz4U.enter@rediffmail.com
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and shear-free geodesic null congruence have been extensively studied (see,
Refs. [1, 2] and references therein). A complete class of non-twisting type
N vacuum solution with non-zero cosmological constant was found in Ref.
[3]. These solutions are further analyzed in Ref. [4] and subsequently by
various authors (see, Refs.[5, 6, 7, 8, 9, 10]). Type N Kundt metrics [11, 12]
are the general class of vacuum or non-vacuum solution to the Einstein’s
field equations which admit a non-expanding, non-twisting, and shear-free
geodesic null congruence. If this shear-free geodesics null congruence is a
covariantly constant vector field, we called this solution as pp-wave or plane
waves space-time (e. g., Refs. [13, 14, 15, 16, 17] and references therein).
In Ref. [18], a special class of type N Kundt metrics of the non-zero cosmo-
logical constant, non-vacuum solution to the field equations which exhibit
geometrically different properties from the known pp-waves was obtained.
Subsequently, a type N vacuum solution of non-zero cosmological constant,
special sub-case of the Siklos class of solution, was obtained in Ref. [19].
Recently, a family of type N aligned pure radiation field solution of non-zero
cosmological constant was constructed in Ref. [1]. This family of solution
admits closed time-like curves and exhibit geometrically different properties
from the known pp-waves space-time. Note that this family of solution [1]
is different from the Siklos class of solution [18] in the sense that the first
family of solution admits closed time-like curves which violate the causality
condition. The type N vacuum solution of non-zero cosmological constant
obtained in Ref. [20], and pure radiation field type N solution of the non-
zero cosmological constant in Ref. [2] are the special sub-case of this family
of solution [1]. It is worth mentioning that all the above type N vacuum
or non-vacuum solutions are free from curvature singularities. Few of them
violate the causality condition and some others are not.
However, some other algebraically special solution showing geometrically
different properties from pp-waves or plane-waves possess a naked curvature
singularity and of these, few solutions violate the causality condition. This
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type of solution with a naked curvature singularity includes a type D vacuum
space-time in Ref. [21], axial symmetric type II null dust fluid space-time
in Ref. [22], cylindrical symmetric type D non-vacuum space-time [23], type
N non-vacuum space-time in Ref. [24], and axial symmetry type II space-
time in Ref. [25] which are violate the causality condition. Other investi-
gation of gravitational collapse solution with a naked singularity satisfying
the causality condition includes counter-rotating dust shell cylinder [26], the
evolution of cylindrical dust shell [27], the collapse of non-rotating and infi-
nite dust cylinder [28], the high-speed collapse of cylindrical symmetry thick
shell model composed of dust [29], perfect fluid solution with non-vanishing
pressure [30], cylindrical symmetric collapse of counter-rotating dust shells
[31, 32, 33], self-similar scalar field [34, 35], cylindrical symmetry confor-
mally flat anisotropic space-time [36], cylindrical symmetric type D vacuum
space-time [37], four-dimensional non-static space-time [38], and cylindrical
symmetric, non-rotating and non-static or static black hole solutions and the
naked singularities [39]. Examples of non-spherical gravitational collapse so-
lution with a naked singularity would be [40, 41, 42, 43, 44, 45, 46, 47, 48, 49].
To counter the occurrence of naked singularity in a solution of Einstein’s field
equations, R. Penrose proposed the Cosmic Censorship Conjecture (CCC)
[50, 51, 52]. However, there is no theorem or proof yet has been known
which support or counter this Conjecture. On the contrary, there are no
mathematical details yet known which forbid the appearance of a naked sin-
gularity in a solution of the field equations.
In this paper, we attempt to construct a family of zero cosmological con-
stant type N solution to the field equations with a naked curvature singular-
ity. This family of solution exhibit geometrically different properties from the
known pp-waves and violate the causality condition. We show the family of
type N solution study here is a four-dimensional generalization of the Misner
space metric in curved space-time.
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2 A four-dimensional curved space-time
We consider the following time-dependent four-dimensional rotating curved
space-time given by
ds2 = grr dr
2+ gzz dz
2+2 gtψ dt dψ+ gψψ dψ
2+2 grψ dr dψ+2 gzψ dz dψ, (1)
where the metric functions are as follow :
grr = grr(r),
gzz = gzz(r),
gψψ = gψψ(t, r),
gtψ = gtψ(t, r),
grψ = grψ(r),
gzψ = gzψ(r, z) = z gzψ(r).
(2)
The ranges of the coordinates are
−∞ < t <∞, 0 ≤ r <∞, −∞ < z <∞ (3)
and the coordinate ψ is chosen cyclic (and/or periodic locally), that is each
ψ is identified with ψ+ψ0 for a certain parameter ψ0 > 0 or 0 ≤ ψ ≤ ψ0 [53]
(see also, Refs. [21, 22]). For the space-time study here, we have assumed
that X → 0 as r → 0, where X = |ηµ ην gµν | = |gψψ| and ∂ψ is a spacelike
killing vector [54]. However, for the chosen metric functions (2) the space-
time (1) fails to satisfy the elementary flatness condition [54] which states
that in the limit of rotation axis r → 0,
gµν (∇µX) (∇νX)
4X
→ 1. (4)
Therefore, the symmetry axis r = 0 is singular or non-regular which is not
well-defined. The singular axis may contain some line-like sources and/or
exist conical singularities [54]. The appearance of space-time singularities on
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the axis would be considered as representing the existence of some kind of
sources [55, 56, 57, 58].
From the above family of solution (1), one can construct a family of type N
solution with or without a cosmological constant. A family of type N aligned
pure radiation field solution with non-zero cosmological constant admitting
closed time-like curves was constructed in [1]. In this work, we attempt
to construct a family of type N solution especially non-vacuum solution of
the field equations with zero cosmological constant violating the causality
condition possesses a naked singularity.
We choose the following metric functions for zero cosmological constant
non-vacuum solution in the metric (1):
grr(r) = A(r),
A(r) = [B′(r)]2B(r),
gψψ(t, r) = −a(t)B(r),
gtψ(t, r) = −c0 a˙(t)B(r),
grψ(r) = c2C(r),
gzψ(r) = c1B(r),
gzz(r) = B(r).
(5)
Here prime denotes ordinary derivative w. r. t. r, c0 > 0, c1 > 0, c2 > 0 are
constants, B(r), C(r) are free functions and dot stands for ordinary derivative
w. r. t. t. The space-time (1) with (5) can be express as
ds2 = B(r) [B′2(r) dr2 + dz2 − 2 c0 a˙(t) dt dψ − a(t) dψ2 + 2 c1 z dz dψ]
+2 c2C(r) dr dψ. (6)
Replacing the following
r → r¯ := B(r) , t→ T := a(t) (7)
into the above metric (6) and a redefinition of C(r) by H(r), we get a family
of Λ = 0 type N solution (finally dropping bar)
ds2 = r [dr2 + dz2 − 2 c0 dT dψ− T dψ2 + 2 c1 z dz dψ+ 2 c2H(r) dr dψ]. (8)
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The solution (8) is our main aim that we shall discuss below in details.
The above metric has signature (−,+,+,+) and the coordinates are label
as x0 = T , x1 = r, x2 = ψ, x3 = z and the determinant of the metric tensor
gµν is
det g = −c20 r4. (9)
The non-zero components of the Einstein tensor Gµν (µ, ν = 0, 1, 2, 3) are
G00 = −G11 = G22 = G33 = −
3
4 r3
,
G01 =
3 c2H(r)
2 c0 r3
,
G02 = −
1
2 c20 r
2
[c1 r + c2 {H(r) + r H ′(r)}].
We have calculated the scalar curvature invariant for the metric (8). These
are given by
Rµµ =
3
2 r3
,
Rµν Rµν =
9
4 r6
,
Rµνρσ Rµνρσ =
15
4 r3
(10)
which diverges at r = 0 not covered by an event horizon. In addition, these
scalar invariant vanish rapidly at spatial infinity ( r → ∞) along the radial
direction. Thus the solution (8) study here is asymptotically flat along the
radial direction and possesses a naked curvature singularity and hence the
cosmic censorship conjecture doesn’t hold good here.
The only non-zero Weyl tensor Cµνρσ of the solution study here is
C1212 = Crψrψ =
r
4 c0
(−c1 + c2H ′(r)). (11)
Note that if one sets H(r) = c1
c2
r, then the solution (8) represents a confor-
mally flat type O metric with a naked singularity.
6
2.1 Stress-energy tensor and the Energy conditions
The Einstein’s field equations with Λ = 0 are given by
Gµν = Rµν − 1
2
Rgµν = T
µν , µ, ν = 0, 1, 2, 3, (12)
where T µν is the stress-energy tensor, Rµν is the Ricci tensor, R is the Ricci
scalar and units are taken 8 piG = 1 = c = h¯.
We choose the stress-energy tensor is of pure radiation field coupled with
the anisotropic fluid given by
T µν = µ kµ kν + (ρ+ pt)U
µ Uν + pt g
µν + (pr − pt) ζµ ζν, (13)
where Uµ is the unit time-like four-velocity vector, ζµ is the unit spacelike
vector along the radial direction r, and kµ is a null vector field which satisfies
the following relation :
Uµ kµ = 0 = U
µ ζµ, U
µ Uµ = −1, kµ ζµ = 0, ζµ ζµ = 1, kµ kµ = 0.
(14)
Here µ is the radiation energy density, and ρ, pr, pt are the fluid energy
density, the radial pressure and tangential pressure, respectively.
The null vector field kµ is the tangent vector field of geodesics null con-
gruence the radiation propagates along and satisfies the following condition
:
kµ ; ν k
ν = 0. (15)
The Ricci scalar from the field equations (12) using (13)-(14) is
−R = T = 2 pt + pr − ρ. (16)
For the metric (8), we define the time-like unit four veclocity vector Uµ
Uµ =
1√
2
(f(r, t), 0,−1, 0), Uµ Uµ = −1, (17)
where
f(r, t) = − 1
c0 r
+
t
2 c0
. (18)
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The spacelike unit vector ζµ along r and the null vector kµ are define by
ζµ = (0,
√
r, 0, 0) =
√
r δrµ, kµ = (0, 0, 1, 0) = δ
ψ
µ . (19)
From the stress-energy tensor (13) using (17)—(19), we get
T 00 =
1
4
{2 (pt − ρ) + (pt + ρ) r t},
T 01 = −
c2H(r)
4 c0
{−4 pr + 2 (pt − ρ) + (pt + ρ) r t},
T 02 =
1
8 c0 r
{−8µ+ (−4 + r2 t2) (pt + ρ)},
T 03 = −
c1
4 c0
z (−2 + r t) (pt + ρ),
T 11 = pr,
T 20 = −
1
2
c0 r (pt + ρ),
T 21 =
1
2
c2 r (pt + ρ)H(r),
T 22 =
1
4
{2 (pt − ρ)− (pt + ρ) r t},
T 23 =
1
2
c1 r z (pt + ρ),
T 33 = pt.
(20)
From the field equations (12) using Eqs. (10), (20) and after simplifica-
tion, we have the following non-zero physical parameters
ρ = pr = −pt = 3
4 r3
, µ =
1
2 c0
[c1 + c2 {H(r)
r
+H ′(r)}]. (21)
The stress-energy tensor satisfies the following energy condition [59]
WEC : ρ > 0, µ > 0,
WECt : ρ+ pt = 0,
WECr : ρ+ pr > 0,
SEC : ρ+ pr + 2 pt = 0,
DEC : ρ = |pi|, i = t, r, z.
(22)
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The physical parameters (ρ, pr, pt) are singular on the symmetry axis r =
0. Therefore, the stress-energy tensor the anisotropic fluid diverge on the
symmetry axis, and thus a naked singularity is formed.
Few examples of this family of type N solution are as follow:
Example 1: If one choose the function H(r) = c3
r
in the metric (8),
where c3 > 0.
In that case the solution (8) represents a Petrov type N solution of
anisotropic fluid coupled with constant energy-density radiation field. The
different physical parameters are
ρ = pr = −pt = 3
4 r3
, µ =
c1
2 c0
. (23)
Recently, the author constructed a type N solution of anisotropic fluid cou-
pled with radiation field [24], a special sub-case of the present family of type
N solution (8).
Example 2: If one choose the function H(r) = − c1 r
2 c2
in the metric (8).
In that case the solution (8) represents Petrov type N solution of only
anisotropic fluid. The physical parameters
ρ = pr = −pt = 3
4 r3
(24)
diverge on the symmetry axis r = 0.
Example 3: If one choose the function H(r) = c3
r
− c1 r
2 c2
in the metric
(8), where c3 > 0.
In that case also the solution (8) represents Petrov type N solution of
only anisotropic fluid with the physical parameters (24).
Example 4: If one choose the function H(r) = c1 r
c2
in the metric (8).
In that case the solution (8) represents a conformally flat type O solution
of anisotropic fluid coupled with constant energy-density radiation field. The
physical parameters of fluids are
ρ = pr = −pt = 3
4 r3
, µ =
3 c1
2 c0
. (25)
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2.2 Geodesic analysis and strength of the naked sin-
gularities:
In this sub-section, we focus on the radial geodesics which necessarily hit the
singularity r = 0 [60] and finally strength of the naked singularities.
The Lagrangian for the metric (8) is given by
L =
1
2
gµν x˙
µ x˙ν
=
1
2
r [r˙2 + z˙2 − T ψ˙2 − 2 c0 T˙ ψ˙ + 2 c1 z z˙ ψ˙ + 2 c2H(r) r˙ ψ˙],
(26)
where dot stands derivative w. r. t. an affine parameter λ. From (17), it
is clear that ψ is a cyclic coordinate. There exist constant of motion corre-
sponding to this cyclic coordinate, i. e., the azimuthal angular momentum
pψ which is a constant given by
pψ = const = −T ψ˙ − c0 T˙ + c1 z z˙ + c2H(r) r˙. (27)
For the metric (8), the geodesic equation for T , r coordinates in explicit
form are
T¨ =
1
2 c20 r
[−r T ψ˙2 − c21 r z2 ψ˙2 + c2H2(r) ψ˙ (2 c0 r˙ − r ψ˙) + 2 c0 c1 r z˙2
− 2 c20 r˙ T˙ − 2 c0 r ψ˙ T˙ + c0 c2H(r) {r˙2 − T ψ˙2 + 2 c1 z ψ˙ z˙ + z˙2 − 2 c0 ψ˙ T˙}
+ 2 c0 c2 r r˙
2H ′(r)],
(28)
r¨ =
1
2 c0 r
[c2H(r) ψ˙ (2 c0 r− r ψ˙)− c0 (r˙2+ T ψ˙2− 2 c1 z ψ˙ z˙− z˙2 + 2 c0 ψ˙ T˙ )].
(29)
For the radial geodesic z˙ = 0 = φ˙. We have chosen z = const-planes
defined by z = z0 = 0, from eq. (28) and (29) we have
T¨ =
1
2 c20 r
[−2 c20 r˙ T˙ + c0 c2H(r) r˙2 + 2 c0 c2 r r˙2H ′(r)],
r¨ = − r˙
2
2 r
.
(30)
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The solution for r gives
r˙(s) =
c4√
r
⇒ r(s) = [3
2
(c4 s+ c5)]
2
3 , (31)
where c4, c5 are constants. From eq. (30) we have
T¨ +
r˙
r
T˙ =
c2 c
2
4
2 c0 r
(2H ′(r) +
H(r)
r
). (32)
From eqn. (32) one can easily check for the chosen function H(r) that the
radial geodesics path T is bounded for finite value of the affine parameter s
including s = 0 ( since r(s = 0) = const 6= 0 provided c5 6= 0) and thus the
study solution is radially geodesically complete.
To determine the strength of naked singularities, we consider the criterion
developed in Refs. [61, 62]. A sufficient condition for the singularity to be
strong [61, 63] is that
lim
s→0
s2Rµν
dxµ
ds
dxν
ds
6= 0(> 0), (33)
where dx
µ
ds
is the tangent vector to the radial geodesics, and Rµν is the Ricci
tensor. While the weaker condition, which we called the limiting focusing
condition [62] is defined by
lim
s→0
sRµν
dxµ
ds
dxν
ds
6= 0. (34)
For the study solution (8) we have
lim
s→0
s2 [Rrr (
dr
ds
)2 +Rψψ (
dψ
ds
)2]
= lim
s→0
3 s2
2 r2
r˙2, since ψ˙ = 0
=
2 c24
3
lim
s→0
[
s2
(c5 + c4 s)2
]
= 0, if c5 6= 0
= const, if c5 = 0.
(35)
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Similarly, the study solution does not satisfy the limiting focusing condition.
Thus the naked singularities (NS) that is formed due to divergence of the
scalar curvature does not satisfy neither the strong curvature condition nor
the limiting focusing condition provided we assumed the constant c5 > 0,
otherwise only the strong curvature condition holds good for c5 = 0. In that
case (c5 = 0) the study solution is geodesically incomplete.
2.3 The generalization of Misner space metric and Petrov
classification
We show below that the study solution (8) is a four-dimensional generaliza-
tion of Misner space metric in curved space-time. Before that we discuss the
Misner space metric in 2D given by [64]
ds2Mis = −2 dT dψ − T dψ2, (36)
where −∞ < T <∞ and ψ coordinate is periodic. The Misner space metric
in 2D is a locally flat space and regular everywhere. The curves defined by
T = T0 > 0, where T0 is a constant being time-like and closed on account of
periodicity of ψ, are formed closed time-like curves (CTC). The null curve
T = T0 = 0 serve as the Chronology horizon (since g
TT = 0 at T = T0 = 0)
which divided the space-time a Chronal region without CTC to a non-chronal
region with CTC. There is a Cauchy horizon at T = const = T0 = 0 for any
such space-like T = const = T0 < 0 hypersurface (since g
TT = T < 0
at T = T0 < 0). Hence the space-time evolves from an initial space-like
T = const = T0 < 0 hypersurface in a causally well-behaved manner, up to
a moment, i. e., a null hypersurface T = T0 = 0, and the formation of CTC
takes place from causally well behaved initial conditions. The Misner space
metric in 2D is a prime example of space-time where closed time-like curves
develop at some particular moment. Levanony et al [65] generalized this 2D
flat Misner space in three and four-dimensional flat space.
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For constant r, z, from the metric (8) we get (finally dropping bar)
ds2 = r (−2 c0 dT dψ − T dψ2) = Ω ds2Misn, (37)
a conformal Misner space metric where, Ω = r is the conformal factor and
we have done a transformation T → c−20 T¯ , and ψ → c0 ψ¯.
To study the Petrov classification of the study solution (8), one can con-
struct a set of tetrad vectors (k, l,m, m¯) [54]. This set is given by
kµ = (0, 0, 1, 0) ,
lµ = r
(
c0,−c2H(r), T
2
,−c1 z
)
,
mµ =
√
r
2
(0, 1, 0, i) ,
m¯µ =
√
r
2
(0, 1, 0,−i) ,
(38)
where i =
√−1. The set of tetrad vectors above is such that the metric
tensor for the line element (8) can be expressed as
gµν = −kµ lν − lµ kν +mµ m¯ν + m¯µmν , (39)
where −kµ lµ = mµ m¯µ = 1, others are all vanishing.
Using the set of null tetrad vectors (38) we have calculated the five Weyl
scalars. These are given by
Ψ0 = Ψ1 = 0 = Ψ2 = Ψ3, Ψ4 = − 1
4 c0
[c1 − c2H ′(r)]. (40)
Physically, the non-zero Weyl scalars Ψ4 denotes a transverse wave com-
ponents propagating along the principal null direction k of multiplicity 4.
Therefore the considered null vector Eq. (38) is aligned with the principal
null directions (PND) along which the radiation propagates. In addition, the
Weyl tensor Cµνρσ satisfies the following Bel criteria, i. e.,
Cµνρσ k
σ = 0. (41)
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Thus the metric (8) is of type N in the Petrov classification scheme. The
complex scalar quantities ΦAB = Φ¯AB, A,B = 0, 1, 2 associated with the
Ricci tensor Rµν are
Φ02 =
1
2
Rµνm
µmν =
1
2
ρ,
Φ11 =
1
4
Rµν (k
µ lν +mµ m¯ν) =
1
4
ρ,
Φ22 =
1
2
Rµν l
µ lν =
1
4 c0
[c1 + c2 {H(r)
r
+H ′(r)}], (42)
while others are all vanishing. The null vector kµ satisfy the geodesics con-
dition kµ ; ν k
ν = 0 with
Θ =
1
2
kµ;µ = 0, ω
2 =
1
2
k[µ ; ν] k
µ ; ν = 0, |σ|2 =
1
2
k(µ ; ν) k
µ ; ν −Θ2 = 0.
(43)
But this null vector field k is not a covariantly constant vector field (CCNV)
i. e.,
kµ ; ν 6= 0. (44)
That means the study space-time (8) admits a non-expanding, non-twisting,
shear-free null vector field which is geodesic. This geodesic null congruence
is not a covariantly constant null vector field and therefore, the study space-
time exhibit geometrically different properties than the known pp-waves or
plane-waves.
3 Conclusions
In this paper, a family of type N exact non-vacuum solution to Einstein’s
field equations of zero cosmological constant satisfying the different energy
conditions is studied. This family of a solution is regular everywhere except
on the symmetry axis, where it possesses a naked curvature singularity. In
sub-section 2.1, the stress-energy tensor of this solution is of the anisotropic
fluid coupled with pure radiation field satisfies the different energy condition
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is presented. The physical parameters the fluid energy-density (ρ), the ra-
dial pressure (pr) and the tangential pressures (pt) diverge on the symmetry
axis r = 0. The radiation energy-density may be constant or function of
spatial distance (r) for the chosen function H(r) satisfied the null energy
condition. After that, few type N and type O solution by Examples 1–4,
special sub-cases of the study solution is presented. In sub-section 2.2, we
study the geodesic completeness of the type N solution. We have seen that
this solution is radially geodesically complete in the z = const-plane pro-
vided c5 > 0. Also, we study the strength of the naked singularity which is
present due to the divergence of scalar curvature invariants constructed from
the Riemann tensor Rµνρσ and/or divergence of the fluid energy-density (ρ).
We have shown that the naked singularities satisfy neither the strong cur-
vature condition given by Tipler [61] nor the limiting focusing condition by
Krolak [62] provided we have assumed the arbitrary parameter c5 > 0, oth-
erwise holds good only the strong curvature condition. In sub-section 2.3,
we have shown that the study solution is a four-dimensional generalization
of the Misner space metric in curved space-time admitting closed time-like
curves which appear after a certain instant of time, a time-machine space-
time. Furthermore, by constructing a set of null tetrad vectors we classify
the study solution. We have seen that the non-zero Weyl scalars are only
Ψ4 6= 0 and rest are all vanishes. Also, the Weyl tensor satisfies the Bel
criteria, namely, Cµνρσ k
σ = 0, where kµ is the null vector field aligned with
the principal null directions (PNDs) along which the radiation propagates.
Thus we have confirmed that the study solution is clearly of type N in the
Petrov classification scheme. The study family of type N solution admits a
non-expanding, non-twisting, and shear-free geodesic null congruence. But
this shear-free geodesics null vector field is not a covariantly constant vec-
tor field and thus the rays of the gravitational waves are not parallel i. e.,
the study type N solution exhibit geometrically different properties from the
known pp-waves or plane-waves.
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The known special class of type N Kundt metrics with or without cos-
mological constant are either pp-waves or plane-waves and/or different from
both of these (e. g., Siklos solution and its sub-case). In this work, we have
seen that the study family of type N non-vacuum space-time exhibit geo-
metrically different properties from the known pp-waves, and belongs to a
special class of type N Kundt metrics. Besides, this family of type N solu-
tion is a four-dimensional generalization of the Misner space metric in curved
space-time, and behave as time-machine in the sense that the study space-
time admits closed time-like curves appear after a certain instant of time.
Therefore the study type N non-vacuum solution is different from the known
class of Siklos solution. The study family of non-twisting type N non-vacuum
solution with zero cosmological constant violates the causality condition and
a special class of type N Kundt metrics. Furthermore, the time-dependent
metric study here which is a four-dimensional generalization of the Misner
space in curved space-time would represent a Cosmic Time Machine.
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